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... systematically captures modifications of GR.



Joint derivative/curvature expansion ...

1
[’I(EF)T = Mg R

L& = |aoRaR™ — o R?]



Joint derivative/curvature expansion ...

1
[,( ) = M2 R After reduction via
EFT Pl o .
() index symmetries
(i) geometric identities
(iif) 4D-specific identities (e.g. Gauss-Bonnet)
‘CI(E2F)T — [&0 RabRab _ 50 RZ} see Fulling CQG 9 (1992); Martin-Garcia, Yllanes, Portugal, CPC 179 (2008)



Joint derivative/curvature expansion ...

[,,(51':)-'- = M|23| R After reduction via
() index symmetries
(i) geometric identities
(iif) 4D-specific identities (e.g. Gauss-Bonnet)

‘CI(E2F)T — [&0 RabRab _ 50 R2} see Fulling CQG 9 (1992); Martin-Garcia, Yllanes, Portugal, CPC 179 (2008)
3 1
L = M2 [041 R*® ORap — 81 ROR + 743 C,C 4 Cf™
Pl

+ 05,1 CabedCUR + 03,5 CapcaR™R™ -+ 33,3 RERE R? + 03 4 RapR™R + 35 R?)



Joint derivative/curvature expansion ...

[,( EFT — M R After reduction via
() index symmetries
(i) geometric identities
(iif) 4D-specific identities (e.g. Gauss-Bonnet)

‘CI(E2F)T — [&0 RabRab _ 50 R2} see Fulling CQG 9 (1992); Martin-Garcia, Yllanes, Portugal, CPC 179 (2008)
1
E(E3F)T =z [041 R® ORap — 1 ROR + 73 C,,C g Co®®
Pl

+ 05,1 CabedCUR + 03,5 CapcaR™R™ -+ 33,3 RERE R? + 03 4 RapR™R + 35 R?)

LI(E4F)T _ |: Rab |:|2 62 R |:| R 4+ Va1 (Cabcd Cabcd)Z + 74,2(Cabcd *Cabcd)Z 4. }



Joint derivative/curvature expansion ...

[,( EFT — M R After reduction via
() index symmetries
(i) geometric identities
(iif) 4D-specific identities (e.g. Gauss-Bonnet)

‘CI(E2F)T — [&0 RabRab _ 50 R2} see Fulling CQG 9 (1992); Martin-Garcia, Yllanes, Portugal, CPC 179 (2008)
1
E(E3F)T =z [041 R® ORap — 1 ROR + 73 C,,C g Co®®
Pl

+ 05,1 CabedCUR + 03,5 CapcaR™R™ -+ 33,3 RERE R? + 03 4 RapR™R + 35 R?)

LI(E4F)T _ |: Rab |:|2 62 R |:| R 4+ Va1 (Cabcd Cabcd)2 + 74,2(Cabcd *Cabcd)Z 4. }

... before field redefinitions.



Joint derivative/curvature expansion ...

1
[’I(EF)T = MIZDI R order-by-order field redefinitions of the form
Bab —> Zab + C1 8ab X + C2 Xyp
ESF)T — [aoRabRab — B Rz} can remove any term containing Ricci variables
3 1 a C e a
Ledr M2 { R*® ORap — f1 ROR 473 C, " C4 Co™

+ 05,1 CabedCUR + 03,5 CapcaR™R™ -+ 33,3 RERE R? + 03 4 RapR™R + 35 R?)

[ R 0% Rap — B2 RC? R + 741 (Cabed €)% 4+ 74.2(Capea 'C?P<4) 2 + .. ]



Joint derivative/curvature expansion ...

(1) _ pg2 .

Lepr = Mp R order-by-order field redefinitions of the form
Bab —> Zab + C1 8ab X + C2 Xyp
‘CI(E2F)T = can remove any term containing Ricci variables
£(3) 1 C ch efC b (éoroff, %agnotg,Rl\lljugIA.rP(%slgB) igG (1986)
—_ ueno, Cano,

SFT Mg, [ 3 Map Sad Sef | G Rham, Francfort, Zhang, PRD 102 (2020) 2
£(4) _ 1 C Cabcd 2 C *Cabcd 2

EFT = M2 +174,1 (Cabed )° + 72,2(Cabed )

PI

Endlich, Gorbenko, Huang, Senatore, JHEP 09, 122 (2017)

... after field redefinitions.



Joint derivative/curvature expansion ...

L( EFT — M R order-by-order field redefinitions of the form
_ Bab —> 8ab 1 C1 8ab X + C2 Xap
‘CI(E2F)T — raoRabRab — B Rﬂ can remove any term containing Ricci variables
£(3) 1 [Ia Rab IR RO R‘ C ch efC b goroﬂ‘, %agnotlt:i),Rl\lljugI‘iP(%i.GB) 21656 (1986)
— _ ueno, Cano,
EFT MI%I ab 51 N 13 ab cd ef de Rham, Francfort, Zhang, PRD 102 (2020) 2

1 *k~abC
Lo = v ﬂa R® 0% Rap — B2 ROP R‘-F V4,1 (Cabed C*°°)? + 74, 2(Cabea CTPY)? ]

P|

Endlich, Gorbenko, Huang, Senatore, JHEP 09, 122 (2017)

... after field redefinitions.



Part |I: Ghostly interactions in classical field theory

ma, Vikman, JCAP 11 (2023) 031

Deffayet, Held, Mukohya
Deffayet, Held, Mukohyama, Vikman, 2504.11437



The Hamiltonian of all higher-derivative non-
degenerate classical point-particle theories is

unbounded from above and below.
Ostrogradski 1857

Part |I: Ghostly interactions in classical field theory

Deffayet, Held, Mukohyama, Vikman, JCAP 11 (2023) 031
Deffayet, Held, Mukohyama, Vikman, 2504.11437



The Hamiltonian of all higher-derivative non-

degenerate classical point-particle theories is

unbounded from above and below. All non-degenerate higher-derivative
Ostrogradski 1857 classical point-particle theories

exhibit runaway solutions.

Part |I: Ghostly interactions in classical field theory

Deffayet, Held, Mukohyama, Vikman, JCAP 11 (2023) 031
Deffayet, Held, Mukohyama, Vikman, 2504.11437



The Hamiltonian of all higher-derivative non-
degenerate classical point-particle theories is . ..
unbounded from above and below. Allnen-degenerate-higher-derivative
Ostrogradski 1857 classical point-particle-theeries
Point-particle models can be stable if

the potential at large phase-space distance

is dominated by stable self-interactions.
Deffayet, Held, Mukohyama, Vikman, JCAP 11 (2023) 031

Part |I: Ghostly interactions in classical field theory

Deffayet, Held, Mukohyama, Vikman, JCAP 11 (2023) 031
Deffayet, Held, Mukohyama, Vikman, 2504.11437



The Hamiltonian of all higher-derivative non-
degenerate classical point-particle theories is . ..
unbounded from above and below. Allnen-degenerate-higher-derivative
Ostrogradski 1857 classical point-particle-theeries
Point-particle models can be stable if

the potential at large phase-space distance

is dominated by stable self-interactions.
Deffayet, Held, Mukohyama, Vikman, JCAP 11 (2023) 031

Part |I: Ghostly interactions in classical field theory

Deffayet, Held, Mukohyama, Vikman, JCAP 11 (2023) 031
Deffayet, Held, Mukohyama, Vikman, 2504.11437



Point-particle systems w/ opposite-sign kinetic terms ...

Integrable Liouville models ...

Pz | P
Hyy = EX + U;y + Viv(x,y)
fu) —g(v)
Viv=—7"
u?=1/2(r* +c+/(r24+c)2 — 4cx2

( )
vi=1/2 (r2 +c—/(r2 +c)? —4cx2)

r* =x*+ oy’ Deffayet, Mukohyama, Vikman, PRL 128 (2022) 4
Deffayet, Held, Mukohyama, Vikman, JCAP 11 (2023) 031

... can nevertheless be globally (Lagrange) stable.



Point-particle systems w/ opposite-sign kinetic terms ...

Integrable Liouville models ... ... are Lagrange stable if ...
, 5 (i) ... f(u) and g(v) are bounded below, i.e.,
(i) ... at large |u] and |v|, these bounds sharpen to
_ f(u) —g(v) ¢ .
Viy = f(u) >4F0|U‘ >0 & g(V) > 4G |V’ >0

W2 — P
with fo,g0 € R, Fo,GoeRT, (>2,1n>2

u?=1/2(r* +c+/(r24+c)2 — 4cx2

( )
vi=1/2 (r2 +c—/(r2 +c)? —4cx2)

r* =x*+ oy’ Deffayet, Mukohyama, Vikman, PRL 128 (2022) 4

Deffayet, Held, Mukohyama, Vikman, JCAP 11 (2023) 031

... can nevertheless be globally (Lagrange) stable.



Point-particle systems w/ opposite-sign kinetic terms ...

Integrable Liouville models ... ... contain a polynomial subclass ...
p2 P2 : 2\ N
Hy = EX—FO'Ey +V|_V(x,y) f(U):ZCn (U )
n=1

Viy = f(lljl :%EV) g(v) _ ch (Vz)n

u?=1/2(r* +c+/(r24+c)2 — 4cx2

( )
vi=1/2 (r2 +c—/(r2 +c)? —4cx2)

r* =x*+ oy’ Deffayet, Mukohyama, Vikman, PRL 128 (2022) 4
Deffayet, Held, Mukohyama, Vikman, JCAP 11 (2023) 031

... can nevertheless be globally (Lagrange) stable.



Point-particle systems w/ opposite-sign kinetic terms ...

Integrable Liouville models ... ... contain a polynomial subclass ...
2 2
2 2 (4) Wy 2o YWy -
X p —= — - 2
Hiy = % + U;y + Viv(x,y) Viv (6Y) 2" 2
1 (w2 wy 2 2\2
V= f(ul - ggv) tzl5 5 | K=Y
us — v ~ 4 4 2 213
+EC(X" —¥") + Ca(x® —¥%)

u?=1/2(r* +c+/(r24+c)2 — 4cx2

( )
vi=1/2 (r2 +c—/(r2 +c)? —4cx2)

r* =x*+ oy’ Deffayet, Mukohyama, Vikman, PRL 128 (2022) 4
Deffayet, Held, Mukohyama, Vikman, JCAP 11 (2023) 031

... can nevertheless be globally (Lagrange) stable.



Point-particle systems w/ opposite-sign kinetic terms ...

... contain a polynomial subclass ...

2 w2
V& _ Yx 2  Hy 2
v (%, y) > X > y
1w} @\ 5 o0
+€<7‘7> =y
+ 8 Ca(x* —y*) + Ca(x® —y?)?

... can nevertheless be globally (Lagrange) stable.



Point-particle systems w/ opposite-sign kinetic terms ...

contain a polynomial subclass Deffayet, Held, Mukohyama, Vikman, JCAP 11 (2023) 031

31—

w2 w? :

Vg (x,y) = 2532 — Xy ol 300
2 2 ,
2 I
_|_1 W_E_ﬁ (x2 — y?)? 1

c\2 2 . ol 200

+ 8 Ca(x* —y*) + Ca(x® — y?)? t
100
3 0

... can nevertheless be globally (Lagrange) stable.



Point-particle systems w/ opposite-sign kinetic terms ...

Deffayet, Held, Mukohyama, Vikman, JCAP 11 (2023) 031

... contain a polynomial subclass ...
6__ i -
2 2 I AN
(4) _ Y2 Yy oo |, N -300
Viv (x,y) = >~ > Y 4f §j
2 ST oy |
+% w_)% B & (X2 _y2)2 2 iwwms .:!fj
c\ 2 2 < 200
+ 8 Ca(x* —y*) + Ca(x® —y?)? ] t
] 100
-6 -4 -2 0 2 4 6 0

Pz

... can nevertheless be globally (Lagrange) stable.



Point-particle systems w/ opposite-sign kinetic terms ...

contain a polynomial subclass Deffayet, Held, Mukohyama, Vikman, JCAP 11 (2023) 031

4) W2 o Wy o
Viv (%, y) = =x* = Ly -300
2 2
2
+ 1 (w_f _ ﬂ) (X2 _y2)2
¢ 2 2 Dy 200
+ECa(x* —y*) + Ca(® — y°)’ t
* stability is possible due to 100
sufficiently dominant stable self-interactions
-6 -4 -2 0 2 4 6 0

Pz

... can nevertheless be globally (Lagrange) stable.



Point-particle systems w/ opposite-sign kinetic terms ...

... contain a polynomial subclass ...

w2 w2
V&L/) (x,y) = 7X2 — 7yy2

1 (w2 w;
te (7 - %) o=y’
Dy

+ 8 Ca(x* — y*) + Ca(x* — y?)?
» stability is possible due to

sufficiently dominant stable self-interactions

e numerics suggest that
integrability is not necessary

Deffayet, Held, Mukohyama, Vikman, JCAP 11 (2023) 031

-300

200

100

Pz

... can nevertheless be globally (Lagrange) stable.



Point-particle systems w/ opposite-sign kinetic terms ...
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... converges to the continuum field theory.
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(1+1)D Simulation
converges to the
solution of the
continuum field theory

* 4" order FD
* 4" order RK4 timestep

* self-convergence rate
verified at all times

Model parameters
* n=m=2

e AL2=1;

e myL= mXL =0;

plane-wave initial data

... can be benign.
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Unquenched instability ...

Deffayet, Held, Mukohyama, Vikman, 2504.11437
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... can be benign.



Higher frequencies ...
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V = >\nm ¢nXm

¢ =— (ki +mj+Ax*)o
02 = —(ki+m§<+a)\¢2)x

* plane-wave approximation



Higher frequencies ...

Deffayet, Held, Mukohyama, Vikman, 2504.11437

V = >\nm ¢nXm

¢ =— (ki +mj+Ax*)o
02 = —(ki+mi+a)\¢2)x

* plane-wave approximation

* high frequency
dominates potential,
both for the non-ghost
and for the ghost case



Higher frequencies ...

Deffayet, Held, Mukohyama, Vikman, 2504.11437

V:)\nmgbnxm
8t2¢:_(k?b+m?b+)\x2)¢ jQ\
Bx=—(E+mi+or¢’)x

02 04 06 08
space /L

* plane-wave approximation

* high frequency
dominates potential,

both for the non-ghost Pl
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and for the ghost case
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space x/L




Higher frequencies ...

Deffayet, Held, Mukohyama, Vikman, 2504.11437

V = )\nm ganm

¢ =— (ki +mj+Ax*)o
= —(k§<+m§<+mgb2)x

* plane-wave approximation

* high frequency
dominates potential,
both for the non-ghost
and for the ghost case




Higher frequencies ...

Deffayet, Held, Mukohyama, Vikman, 2504.11437

V = >\nm ¢nXm

3 2.0 3 ;:,;,_;:,i;,:,;;;:,;;;':,;;,':% 2.0 2.0
2 2 2 2 o \ " y
8t¢: — (k¢+m¢+)\x )¢ <9 — [):5 ﬁz\ [):5 =F) 0..5
D —— \ U ; |
2 (12 2 2 s S \ o By
Oix == (kg +my+ore’)x b \ S b
o —2.0 0& —2.0 o - —2.0
L "2 e 1 "2 e g ? aee 211
e plane-wave approximation 20 20
1.5 1.5
* high frequency . oo 0o
dominates potential, S 0
both for the non-ghost 10 ~10
—1.5 —1.5 : 3
and for the ghost case 20 20 |
02 04 06 08 02 04 06 08 v 02 04 06 08

space x/L space x/L space z/L



Higher frequencies ...

Deffayet, Held, Mukohyama, Vikman, 2504.11437

V = >\nm ¢nXm
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* high frequency - o <
dominates potential, L DU
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Deffayet, Held, Mukohyama, Vikman, 2504.11437

... are more stable, not less stable.



Opposite-sign kinetic terms ...

Deffayet, Held, Mukohyama, Vikman, 2504.11437
Increasingly longlived for:

lower initial amplitude

higher initial frequency

initial data parameters

weaker ghostly coupling

larger masses

model parameters



Opposite-sign kinetic terms ...

Deffayet, Held, I\/Iu2kohyar721a, Vikman, JCAP 11 (2023) 031
Deffayet, Held, Mukohyama, Vikman, 2504.11437 4 m
Viv (%, y) = (¢ — X ) (8 =20 +Cal(@" = x) + (¢ = 1)
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higher initial frequency

initial data parameters

weaker ghostly coupling

larger masses

model parameters
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Deffayet, Held, Mukohyama, Vikman, JCAP 11 (2023) 031

Deffayet, Held, Mukohyama, Vikman, 2504.11437
Increasingly longlived for:

lower initial amplitude

higher initial frequency

initial data parameters

weaker ghostly coupling

larger masses

model parameters

2
m¢) m

4
VIV ooy) = | 5 -

2

Mx
2

(1+1)D Simulation
converges to the
solution of the
continuum field theory

e 4" order FD
* 4" order RK4 timestep

* self-convergence rate
verified at all times

Model parameters
setup in trivial vacuum

2 2 __ 2

mgb:mX:m

Various initial data families

>(¢2X2)2+C4(¢4X4)+C4(¢2X2)3



Opposite-sign kinetic terms ...

Deffayet, Held, I\/Iu2kohyar721a, Vikman, JCAP 11 (2023) 031
Deffayet, Held, Mukohyama, Vikman, 2504.11437 m m
i i VI (x,y) = 7¢ 2X> (¢° — X°)? + Ca(9* — x*) + Ca(¢® — X°)°
Increasingly longlived for:

I I I I
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~
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 higher initial frequency 3
=2
initial data parameters =101
~
o
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model parameters inverse characteristic amplitude 1/A



Opposite-sign kinetic terms ...

Deffayet, Held, Mukohyama, Vikman, JCAP 11 (2023) 031

Deffayet, Held, Mukohyama, Vikman, 2504.11437
Increasingly longlived for:

lower initial amplitude

higher initial frequency

initial data parameters

weaker ghostly coupling

larger masses

model parameters

4
VP (x,y) =

2 2
m¢) m

_®_ X
2 2

>(¢2X2)2+C4(¢4X4)+C4(¢2X2)3
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]
~
é 102 R i
=
RS /’4 (rand)
rand
E ’ (I)wa'up
= 0L @ i
%D 10 * q)(G’auss
<
2.5 5.0 7.5 10.0 12.5



Opposite-sign kinetic terms ...

Deffayet, Held, I\/Iu2kohyama, Vikman, JCAP 11 (2023) 031

2
Vi (x,y) = ("”’ - ) (6% — X2)% + Ca(8* — x*) + Ca(¢® — x2)°

Deffayet, Held, Mukohyama, Vikman, 2504.11437 my m
Increasingly longlived for: -

Mx
2

lower initial amplitude

higher initial frequency

initial data parameters

weaker ghostly coupling

longlived for (at least) 7/ L

larger masses

10"

model parameters . .
inverse coupling 1/(C, x LQ)



Opposite-sign kinetic terms ...

Deffayet, Held, Mukohyama, Vikman, JCAP 11 (2023) 031

. 2 2
Deffayet, H(fld, I\/Iukohyama,.V|kman, 2504.11437 Vl(j/) (x,y) = % - m2x> (¢2 B X2)2 + C4(¢4 - X4) 4 C4((b2 _ X2)3
Increasingly longlived for:
o . \i T T T T T
e lower initial amplitude &~
=102 F
 higher initial frequency S 10
I =
initial data parameters %/ 101 i
"_; (I)(mnd)
. o ‘bUCL’UB
e weaker ghostly coupling = 100t : P G
a0 auss)
| larger masses g | | | | @ |
10" 10" 107 10° 10°

model parameters
mass m X L



Opposite-sign kinetic terms ...
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Deffayet, Held, Mukohyama, Vikman, 2504.11437 4 m
Viv (%, y) = ( - X ) (82— +Cald* —x) + Ca($? — 1)

Mg My
Increasingly longlived for: 2 2

lower initial amplitude

higher initial frequency

initial data parameters

weaker ghostly coupling

larger masses

model parameters

Deffayet, Held, Mukohyama, Vikman, 2504.11437

... admit for (arbitrarily) long-lived motion.



Opposite-sign kinetic terms ...

Deffayet, Held, Mukohyama, Vikman, JCAP 11 (2023) 031

Deffayet, Held, Mukohyama, Vikman, 2504.11437
Increasingly longlived for:

lower initial amplitude

higher initial frequency

initial data parameters

weaker ghostly coupling

larger masses

model parameters

2
m¢) m

4
VIV ooy) = | 5 -

2

Mx
2

(1+1)D Simulation
converges to the
solution of the
continuum field theory

* 4" order FD
* 4" order RK4 timestep

* self-convergence rate
verified at all times

Model parameters setup
in nontrivial vacuum

mé = mi/lS =m?

Random initial data

>(¢2X2)2+C4(¢4X4)+C4(¢2X2)3



Opposite-sign kinetic terms ...

Deffayet, Held, I\/Iu2kohyar721a, Vikman, JCAP 11 (2023) 031
Deffayet, Held, Mukohyama, Vikman, 2504.11437 m m
i i VI (x,y) = 7¢ 2X> (¢° — X°)? + Ca(9* — x*) + Ca(¢® — X°)°
Increasingly longlived for:

(1+1)D Simulation
converges to the

* lower initial amplitude solution of the o
continuum field theory physical time: ¢ = 0.0
. . e, o _— )
 higher initial frequency * 4" order FD 21 —¢(2) |
« 4" order RK4 timestep s q| x(z) ||
initial data parameters ° Se'f_convergence rate Tg 0l
verified at all times =
Model parameters setup £ —1f
° Weaker ghostly Coupling in hontrivial vacuum —_ 9t

mé = mi/lS =m?

0.2 04 06 08
space x/L

larger masses

Random initial data

model parameters

Deffayet, Held, Mukohyama, Vikman, 2504.11437 (see also JCAP 11 (2023) 031)

... can induce nontrivial long-lived vacua.



Opposite-sign kinetic terms ...

V:>\¢2X2

(1+1)D Simulation
converges to the
solution of the
continuum field theory

e 4" order FD
* 4" order RK4 timestep

* self-convergence rate
verified at all times

Model parameters

e A=1;

- m,= 0;

e m-= 3; m, = 10; m, = oo
(from left to right)

Plane-wave initial data




Opposite-sign kinetic terms ...

1.5
1.0
0.5

0
—0.5

V=X¢*x° §

15

(1+1)D Simulation
converges to the
solution of the

continuum field theory i / '1.0
* 4" order FD 0 é e
2 4 6 8

* 4" order RK4 timestep space @

time ¢
—
o

* self-convergence rate
verified at all times

Model parameters
e A=1;
e my= 0;

e m-= 3; m, = 10; m, = oo
(from left to right)
Plane-wave initial data




Opposite-sign kinetic terms ...

e
_ 2.2 20 1.5 20§// 1.5
V=A\ox n & 1.0
% 0.5
(1+1)D Simulation % "
converges to the / o
solution of the / .
continuum field theory ? ~1.0
« 4" order FD //,:__/_/: oo
* 4" order RK4 timestep
* self-convergence rate 1.5
verified at all times 1.0
Model parameters 0.5
e A=1; 0
° m¢ = O’ —0.5
e m=3;m=10; m = o -1.0
X x T X —1.5
(from left to right)
Plane-wave initial data




Opposite-sign kinetic terms ...
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solution of the o W —0.5

continuum field theory i / o 5% —1.0

e 4" order FD é oL 0 -15

2 4 6 8

* 4" order RK4 timestep

space T

» self-convergence rate 1.5
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* 4" order FD é e

* 4" order RK4 timestep
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* self-convergence rate

1.5 1.5
verified at all times 1.0 1.0
Model parameters 0.5 0.5
e A=1: 0 0
. m,=0; —0.5 —0.5
—1. —1.
e M=3;m=10; m = 0 0
X X X —15 1.5
(from left to right) : :

Plane-wave initial data

Deffayet, Held, Mukohyama, Vikman, 2504.11437 (see also Figueras, Kovacs, Yao, 2505.00082)

... can effectively decouple if sufficiently heavy.
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PRELIMINARY: results in (2+1) and spherically-symmetric scattering in (n+1) to appear soon

Part |I: Ghostly interactions in classical field theory



The Hamiltonian of all higher-derivative non-
degenerate classical point-particle theories is

unbounded from above and below. Altnen-degenerate-higher-derivative
Ostrogradski 1857 classieal point-particle theories

Point-particle models can be stable if
the potential at large phase-space distance

is dominated by stable self-interactions. Ols-butfield-theories-will stilt-decay
Deffayet, Held, Mukohyama, Vikman, JCAP 11 (2023) 031 instantaneously because of an infinite
phase-space volume at high energy.

Classical field theories
do not decay instantaneously

and can exhibit longlived motion.
Deffayet, Held, Mukohyama, Vikman, 2504.11437

Part |I: Ghostly interactions in classical field theory

Deffayet, Held, Mukohyama, Vikman, JCAP 11 (2023) 031
Deffayet, Held, Mukohyama, Vikman, 2504.11437



The Hamiltonian of all higher-derivative non-
degenerate classical point-particle theories is

unbounded from above and below.
Ostrogradski 1857

Point-particle models can be stable if
the potential at large phase-space distance

is dominated by stable self-interactions.
Deffayet, Held, Mukohyama, Vikman, JCAP 11 (2023) 031

Classical field theories
do not decay instantaneously

and can exhibit longlived motion.
Deffayet, Held, Mukohyama, Vikman, 2504.11437

Ok, but quantised field theories will
decay instantaneously, right?

Part |I: Ghostly interactions in classical field theory

Deffayet, Held, Mukohyama, Vikman, JCAP 11 (2023) 031
Deffayet, Held, Mukohyama, Vikman, 2504.11437



Y

Part lI: Nonlinear evolution & black hole binaries

Noakes, JMP 24, 1846 (1983); Held, Lim, PRD 104 (2021) 8
Figueras, Held, Kovacs, 2407.08775 Held, Lim, PRD 108 (2023) 10
Held, Lim, 2503.13428



A well-posed initial value problem (IVP) ...
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An initial value problem is well-posed if a solution

o exists
* is unique
« and depends continuously on the initial data

spatial slice (3D)
initial data



A well-posed initial value problem (IVP) ...

, ‘ ( (
An initial value problem is well-posed if a solution

» exists for all future time
* is unique
« and depends continuously on the initial data

spatial slice (3D)
initial data

... for General Relativity

Formal proof of existence and uniqueness (3+1) numerical evolution
Yvonne Choquet-Bruhat ‘52 Pretorius ‘05; BSSN ‘87-'99; Sarbach et.Al ‘02-'04




A well-posed initial value problem (IVP) ...

( (
An initial value problem is well-posed if a solution

o exists
* is unique
« and depends continuously on the initial data

spatial slice (3D)
initial data

... for General Relativity

Formal proof of existence and uniqueness (3+1) numerical evolution
Yvonne Choquet-Bruhat ‘52 Pretorius ‘05; BSSN ‘87-'99; Sarbach et.Al ‘02-'04
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... and for Quadratic Gravity
Noakes, JMP 24, 1846 (1983) Held, Li_m ‘21, ‘23, ‘25; Cayuso 23;
East, Siemonsen ‘23




A well-posed initial value problem (IVP) ...

( (
An initial value problem is well-posed if a solution

o exists
* is unique
« and depends continuously on the initial data

spatial slice (3D)
initial data

... for General Relativity

Formal proof of existence and uniqueness (3+1) numerical evolution
Yvonne Choquet-Bruhat ‘52 Pretorius ‘05; BSSN ‘87-'99; Sarbach et.Al ‘02-'04
® ®
... and for Quadratic Gravity
Noakes, JMP 24, 1846 (1983) Held, Li_m ‘21, ‘23, ‘25; Cayuso 23;
East, Siemonsen ‘23

... and for the EFT (at fixed order)

Figueras, Held, Kovacs, 2407.08775 |
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Let i be an index labeling a system of second order equations E. for the variables v. .
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. Foralli, the combination (s - ti) is equal to the derivative order
with which v. contributes to its own evolution equation E. .
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Choquet-Bruhat, DeWitt-Morette, 1982

Let i be an index labeling a system of second order equations E. for the variables v. .
The principal part can be diagonalised if there exist positive integers s and t such that

. Foralli, the combination (s - ti) is equal to the derivative order
with which v. contributes to its own evolution equation E. .

« Foralliandall j#i,the combinations (s - tj) is large than the derivative order
with which v, contributes to the evolution equation E. .



Leray weights ...

Choquet-Bruhat, DeWitt-Morette, 1982

Let i be an index labeling a system of second order equations E. for the variables v. .
The principal part can be diagonalised if there exist positive integers s and t such that

. Foralli, the combination (s - ti) is equal to the derivative order
with which v. contributes to its own evolution equation E. .

« Foralliandall j#i,the combinations (s - tj) is large than the derivative order
with which v, contributes to the evolution equation E. .

... give a prescription to diagonalise the principal part.



Leray weights: A simple example ...

e System of PDEs: Lu=v
Ov = 02u
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Ov = 02u
* Leray weights: si = (2,3)
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e System of PDEs: Lu=v
Ov = 02u
* Leray weights: si = (2,3)
ti=1(0,1)
 Explicit diagonalisation: (Ju = O v
(Oku=10)



Leray weights: A simple example ...

e System of PDEs:

* Leray weights:

* Explicit diagonalisation:
(Oku=10)

Lu=v

Ov = 02u
si = (2,3)
ti=1(0,1)
Lo = 8tV
|:|V — 8tu

... that can be diagonalised.



Leray weights: A simple example ...

e System of PDEs:

* Leray weights:

* Explicit diagonalisation:

(Oku=10)

2|0

Lu=v

JE
v = 0fu

S = (2,3)
T, = (O, 1)

Lo = 8tV
|:|V — 8tu

... that can be diagonalised.
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« Gauge potential: F = —g®r?,

« Ricci curvature: Rab ~ 0 gab + 8c(a V) F* + O(g,0g) =0



General Relativity (in harmonic gauge) ...

 Gauge potential: F = —g®r?,
« Ricci curvature: Rab ~ 0 gab + 8c(a V) F* + O(g,0g) =0

« In harmonic gauge, i.e., F* =0
the vacuum Einstein equations, i.e., R,, = 0
are of wave-like form.

For constraint propagation see
Choquet-Bruhat ‘52



General Relativity (in harmonic gauge) ...

« Gauge potential: F = —g®r?,
« Ricci curvature: Rab ~ 0 gab + 8c(a V) F* + O(g,0g) =0

« In harmonic gauge, i.e., F* =0
the vacuum Einstein equations, i.e., R,, = 0
are of wave-like form.

For constraint propagation see
Choquet-Bruhat ‘52

... Is already in wave-like form.
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Quadratic Gravity ...

Held, Lim, PRD 104 (2021) 8

e recall £=M3|R + R? + LCabcd C3bed Stelle, PRD 16 (1977) 953-969
12mj 4m3 Noakes, JMP 24, 1846 (1983)
Held, Lim, PRD 104 (2021) 8
2nd_ 1 .
order g, ~ Rap = Sap + —gabR massless spin-2
variables 4 (graviton)
OR= mgR massive spin-0
(scalar)
1 (m3 d : ,
S, = 3\l 1) (VaVER) — 25“Cucbd + Olower order massive spin-2
0

(ghost)



Quadratic Gravity ...

Held, Lim, PRD 104 (2021) 8

e recall £=M3|R + sR* + ch‘.j,bcdcabcqI Stelle, PRD 16 (1977) 953-969
12m§j 4ms Noakes, JMP 24, 1846 (1983)
Held, Lim, PRD 104 (2021) 8
2nd_ 1 i
order Ogap ~ Rap = Sap + - gabR massless spin-2
variables 4 (graviton)
OR= m{R vanishes for massive spin-0
equal masses: (scalar)
1 /m3 . .
OS.p = 3 (—3 — ) (VaVpR)—2 S9Cacbd + Olower order massive spin-2
Mo (ghost)

 For equal masses, the 2"-order field equations of Quadratic Gravity are of wave-like form.



Quadratic Gravity ...

Held, Lim, PRD 104 (2021) 8

e recall £=M3|R + sR* + ch‘.j,bcdcabcqI Stelle, PRD 16 (1977) 953-969
12m§j 4ms Noakes, JMP 24, 1846 (1983)
Held, Lim, PRD 104 (2021) 8
2n9- 2|0 1 | -
order Og.p ~ Rap = Sap + —gabR massiess spin-
variables 4 (graviton)
210 . .
OR= mgR massive spin-0
(scalar)
3|1 1 m% cd . o
S =—= | =5 — 1} (VaVbR) — 25 Cacbd + Olower order massive spin-2
3 \mg (ghost)

 For equal masses, the 2"-order field equations of Quadratic Gravity are of wave-like form.

e For unequal masses, one can still find suitable Leray weights.



Quadratic Gravity ...

Held, Lim, PRD 104 (2021) 8

e recall £=M3|R + R + LCabcd C3bed Stelle, PRD 16 (1977) 953-969
12mj 4m3 Noakes, JMP 24, 1846 (1983)
Held, Lim, PRD 104 (2021) 8
2n9- 2|0 1 | -
order Og.p ~ Rap = Sap + —gabR massiess spin-
variables 4 (graviton)
210 . .
OR= mgR massive spin-0
(scalar)
3|1 1 m% cd o .
S =—= | =5 — 1} (VaVbR) — 25 Cacbd + Olower order massive spin-2
3 \mg (ghost)

* For equal masses, the 2"-order field equations of Quadratic Gravity are of wave-like form.

* For unequal masses, one can still find suitable Leray weights.

... admits wave-like 2" order field equations.



Cubic Gravity (after suitable field redefinitions) ...

Figueras, Held, Kovacs, 2407.08775

1
. recall L8 = i [041 R®OR,p — f1 ROR 4 73 CadeCcdefCefab]

Pl



Cubic Gravity (after suitable field redefinitions) ...

Figueras, Held, Kovacs, 2407.08775

1
* recall E(E3F)T = M—%I [041 R®ORs — 81 ROR+ 73 CadeCCdefCefab}
order- 1
reduced 8ab ~ Rap = Sab + Zgab R
nd_
? Olglcéle(; Dcabde — Oacbde(acv 8857 68R)
equations R = RO

DSab = Sglb)

ORM = OR(4C, 88S, dOR)
sty = (1 - 2—51> (3 gan 0 — vavb) R + 03, (9C, 58S, HOR)

a1 4



Cubic Gravity (after suitable field redefinitions) ...

Figueras, Held, Kovacs, 2407.08775

1
. recall L8 = i [041 R®OR,p — f1 ROR 4 73 CadeCcdefCefab]
Pl

order- 1

reduced H8€ab ~ Rab = Sap + Zgab R

nd_
? Olglgle(; Dcabde — Oacbde(acv 8657 66R)
equations —

_ (1) .
OS. =S5, vanishes for

equal mass:
ORY = OR(HC. §9S. HOR) a1 = 201

> 1
s = Kl — ﬂ) ( g0 — vavb> R(1)|+ 05, (9C, 93S, HOR)

(0%} 4




Cubic Gravity (after suitable field redefinitions) ...

Figueras, Held, Kovacs, 2407.08775

1
. recall L8 = i [041 R®OR,p — f1 ROR 4 73 CadeCcdefCefab]
PI
order- 210 1
reduced &ab ~ Rap = Sab + Zgab R
nd_
2order ¢ 0 05,4, (9C, 96, GOR)
equations DRZlEOR(l)
210¢(1)
OSa0 =55 vanishes for
3|1 equal mass:
ORW=0OR(9C, 95S. HOR) a1 = 203

3|1 203 1
DSS)) = Kl — a—f) (Z gab L1 — vavb) R(l)l-l— Ofb(aC, 00S, O0R)




Cubic Gravity (after suitable field redefinitions) ...

Figueras, Held, Kovacs, 2407.08775

1
. recall L8 = i [041 R®OR,p — f1 ROR 4 73 CadeCcdefCefab]
Pl

order- 210 1
reduced 8ab ~ Rab = Sap + Zgab R
nd_
2order ¢ 0 05,4, (9C, 96, GOR)
equations DRZlEOR(l)
2]0(1)
S0 =55, vanishes for
301 . equal mass:
ORM=0R(HC. §9S. HOR) a1 = 2[4
3|1 2 1
DSS)) zl Kl - %) (Z gab L1 — vavb) R(1)|+ 02, (0C, 99S, IOR)
1

... admits wave-like 2" order field equations.



Higher order EFT (after suitable field redefinitions) ...

Figueras, Held, Kovacs, 2407.08775

» Inductively, this extends to £{f) = [ak R® O*R,, — B ROX R] with an, = 26,
k=0



Higher order EFT (after suitable field redefinitions) ...

Figueras, Held, Kovacs, 2407.08775

» Inductively, this extends to £{5) =) [ak R® O*R,, — B ROX R} with a, = 26,

k=0
o O~ R = S+ R
2nd-o1|:'IcéI|edr OCabde = Osoge(9C, DS, OR)
equations ORW = Rk+D VO <k<n

Ost SUt) wo<k<n
OR(™M

sty

(QR(an—lc7 8n_k5(k), an—kR(k))
Ogb(an—1C, an—kS(k)7 an—kR(k)>



Higher order EFT (after suitable field redefinitions) ...

Figueras, Held, Kovacs, 2407.08775

» Inductively, this extends to £{5) =) [ak R® O*R,, — B ROX R} with a, = 26,

k=0
regﬁg& Lgab ~ Rab2|50 S %gab R
arrorder e A0S . (OC, 995, 90R)
equations AR :%:t RK+D W0 <k < n
ost) = stV wo<k<n
oR™ "2 OR(@n-ic, anks, gnkR ()

n) N+2|
Dsgb) nE n Ogb(ﬁn_lca 8n_k5(k), 8n—kR(k)>



Higher order EFT (after suitable field redefinitions) ...

Figueras, Held, Kovacs, 2407.08775

» Inductively, this extends to £{5) =) [ak R® KR, — B ROK R} with a, = 25,

k=0
order- 210 1
reduced H8€ab ~ Rab = Sap + Zgab R
nd_
? Olglcéle(; |:|C""bde3|:1(9acbde(8cv 8857 68R)
equations

k+2 | k
ORK® = Rk+1) VO<k<n
k+2 |

k
ost) = stV wo<k<n

IR™ "2 OR(O"1C, an—kst gn=kRk)

n) 2|
Dsgb) nE n O§b<8n_1ca an—ks(k)7 8”_kR(k))

... admits wave-like 2" order field equations.



Higher order EFT (after suitable field redefinitions) ...

Figueras, Held, Kovacs, 2407.08775

n

» Inductively, this extends to £{f) = [ak R® O*R,, — B ROX R} with a, = 26,

k=0
order- 210 1 Not altered if supplemented
riduc(:jed Hgab ~ Rab = Sab + 7820 R with an action that only adds
2 -o;lele(; DCabde3|=1 Oacbde( aC, 99S, DOR) to the omitted lower-order terms.
1 k+2 | k
equations AR k%:k R(k+1) V0 < k < n
+
DSS;) = Sitﬂ) V0O <k <n
OR™ "2 OR(arIC, ks, kR
n) 2|

Dsgb) nE " Ogb(ﬁn_1C, 8n_k5(k), 8”_kR(k)) Figueras, Held, Kovacs, 2407.08??2

for a complete proof

... admits wave-like 2" order field equations.



Well-posed initial value formulation ...

1
E(EF)T = Mg R %hoquet-Bruhat ‘52 order-by-order field redefinitions of the form
. gab — Zab + C1 8ab X+ C2 Xab
£(E2F)T = raoRabRab — B Rﬂ can remove any term containing Ricci variables

1
Lidr = M2, [Ial R®OR., — /1RO R‘Jr 713 Cap ™ Cegf Cog™

1

5(4) _
EFT Mél

o R?® 02 Ry — B2 ROZ RE+ 6.1 (Cabea C%)? + 74 5(Capea "C4)2| ]




Well-posed initial value formulation ...

1
E(EF)T = Mg R %hoquet-Bruhat ‘52 order-by-order field redefinitions of the form
. gab — Zab + C1 8ab X+ C2 Xab
£(E2F)T = raoRabRab — By Rﬂ / can remove any term containing Ricci variables

Noakes, JMP 24, 1846 (1983)
Held, Lim ‘21, ‘23, 25

1
Lidr = M2, [Ial R®OR., — /1RO R‘Jr 713 Cap ™ Cegf Cog™

1

5(4) _
EFT Mél

o R?® 02 Ry — B2 ROZ RE+ 6.1 (Cabea C%)? + 74 5(Capea "C4)2| ]




Well-posed initial value formulation ...

1
E(EF)T = Mg R %hoquet—sruhat '52 order-by-order field redefinitions of the form
Bab —> 8ab + C1 8ab X + C2 Xap

ﬂ

2
‘CI(EF)T -

Noakes, JMP 24, 1846 (1983)
Held, Lim ‘21, ‘23, 25

1

= b R ORy, — 1 RORHrs CuC 0 7C

aoR.pR?® — g Rﬂ / can remove any term containing Ricci variables

d |

Loty = M [Ia R?® 0% Ryp — B2 RO R‘+ V4,1 (Cabed C°9)? + 74.2(Capea 1C*Y)? ] /

Figueras, Held, Kovacs, 2407.08775

... of general effective field theories of gravity.
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Quadratic Gravity )

1 1
S = [ d**+/|g| M2 R - R? (g Cabed
/ x\/|g] Planck_ 12mg2 T 4m? bed _

massless spin-2 massive spin-0 massive spin-2



Y

Quadratic Gravity

1 1
S:/d4x\/|g| Mz R A R 4+ ——5CapeaCPe
Planck | 2 > “—-abcd
12mj Am3
massE:ss spin-2 massive spin-0 massive spin-2 h

as a benchmark model to show that heavy ghosts decouple



1

S = /d4x\/ |g| I\/|I23Ianck R |

massless spin-2

R2
12m3

massive spin-0

_|_

——

Quadratic Gravity

1

4dm

abcd
2 Cabch

2

massive spin-2

as the leading-order terms before field redefinitions / in non-vacuum situations




——

Quadratic Gravity

1 1
S _ d4 M2 R | R2 _— C Cabcd
/ X\/ |8 MpBianck 12m2 + 4m2 abcd

massless spin-2 massive spin-0 massive spin-2

as a fundamental theory of gravity

Stelle, PRD 16 (1977) 953-969
Avramidi, Barvinsky, PLB 159 (1985) 269-274
Donoghue, Menezes, PRD 104 (2021) 4



High-performance computing ...

order
finite differencing

tA.

order

. 4th

Runge-Kutta
timestepping
mesh refinement
e parallelized on
HPC clusters

e adaptive

Dendro-GR https://github.com/paralab/Dendro-GR

... required to solve the full (3+1) binary problem.




Black-hole binaries ...

Held, Lim, PRD 108 (2023) 10

GMm, >1 no deviations

GMm, ~ 1 quantitative deviations

GMm, <1 qualitative deviations
Held, Lim, 2503.13428

EFT reiime of validii




QG masses | Binary parameters

Waveforms for GM m;, < 0.43 ... | cmove[emit]vem [o= i o[

Held, Lim, 2503.13428 1 | 02 | 1 1 0 | O




QG masses | Binary parameters

Waveforms for GM my < 0.43 ... [croveenmlvem [o o o

Held, Lim, 2503.13428 1 | 02 | 1 1 0 | O

Held. Lim, 2503.13428

| 101
Sl — qa — QG
10,
— GR — 10 GR
) R
\é?« = 10
SN— S——
e y 2 0
X X -3
R Elln
10—4_
g equal mass equal mass
B} . | | | | | | Sl | |
200  -150  -100 -50 0 50 100 10 40 80 120
(t — 1)/ (GM) (t—t0)/(GM)

... deviate quantitatively.



Waveforms for GMm, < 0.43 ... [crove[ommlven [o-f | o fo

Held, Lim, 2503.13428

Held. Lim, 2503.13428

QG masses | Binary parameters

1 | o2 | 1 5 |-0696 | 0

— QG
GR

REESVY

unequal mass (GT0779)

unequal mass

200 -150

100 -50
(t —t)/(GM)

0

50

100 0 40 80 120
(t —t0)/(GM)

... deviate qualitatively.



\ "..g

Classical field theories with ghosts can be longlived.

Ghosts enable well-posed time evolution.

Access to the nonlinear regime of higher-derivative theories.

ﬂ

: Al
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